The matter-wave interference picture, which appears within the quantum Talbot effect, changes qualitatively in response to even a small randomness in the phases of the sources. The spatial spectrum acquires peaks which are absent in the case of equal phases. The mathematic model of the effect is presented. The manifestations of the phase randomness in experiments with atomic and molecular Bose condensates, is discussed. Thermometry based on observable consequences of phase randomness is proposed.
INTRODUCTION
In the classical optics, self-imaging of a field periodically distributed in the initial plane is referred to as the Talbot effect [1] . Similar phenomena have been later seen for acoustic waves [2, 3] , wave functions of atoms [4] and electrons [5, 6] , plasmons [7] , and spin waves [8] . In optics, the initial distribution of the field is reproduced in the paraxial approximation. In quantum mechanics, the effect is exact for a periodic wave function ψ(z + d) = ψ(z) and free-particle Hamiltonian H =p 2 /2M . In the quantum case, the spatial propagation of the wave front is not necessary because the wave function may recover at the same location.
In a quantum many-body system limited in the x and y directions, the phase fluctuations complicate or prohibit fulfillment of the Talbot-effect initial condition, namely the formation of an exactly periodic along z chain of sources. In a Bose-Einstein condensate (BEC) extended along z, the phase fluctuates down to temperatures well below the condensation temperature [9] . In an infinitely long chain of superconductors or BECs, long-wavelength phase fluctuations are present even at zero temperature [10] making phases of adjacent sources at least partially uncorrelated. Any small phase fluctuation qualitatively alters the interference picture in comparison to the Talbot effect [11] . In the spatial-distribution spectrum, the peak with wave vector k = 2π/d corresponding to the initial-modulation period is partially preserved on one hand, while on the other hand, peaks with wave vectors k < 2π/d appear, as observed in experiment with a BEC chain [11] . This paper is devoted to interference of a chain of BECs whose phases are only partially correlated. In section 2. , an interference model is presented for the limiting cases of fully correlated and fully uncorrelated phases 1) turlapov@appl.sci-nnov.ru and a numeric simulation is performed for the intermediated case of partially correlated phases. Section 3. is devoted to experiments where BECs with fluctuating phases interfere. In section 4. , thermometry for a BEC chain is proposed relying on the contribution of the phase fluctuation into the interference-fringe spatial spectrum. The conclusion is given in section 5. .
INTERFERENCE MODEL FOR A CHAIN OF SOURCES WITH UNRESTRICTED PHASES
The chain of sources is modeled by sum of localized wave functions
where σ ≪ d and the chain is long, i. e., K → ∞. The corresponding density is periodic, |ψ(z + d)| 2 = |ψ(z)| 2 . Phases ϕ j are generally unrestricted. Wave function (1) corresponds to the chain of BECs in optical lattice shown in figure 1a, while wave function (1) by itself is depicted in figure 1b. ... In the case of equal phases ϕ j = inv(j) wave function (1) corresponds to the initial condition of the Talbot effect. By applying the free-space evolution operator exp(−ip 2 t/(2M )) for mass M bosons, the wave function may be propagated to any time t. One may see that ψ(z, t) is spatially periodic with period d at any t, while at the times that are integer multiples of Talbot time
2 /π the initial wave function reestablishes, i. e., ψ(z, t = nT d ) = ψ(z, t = 0) for n ∈ N.
The opposite limit corresponds to condensate phases ϕ j which are fully random with respect to each other. In this case, the free space evolution of wave function (1) may again be calculated. This in turn allows calculation of the density-distribution spectrum
In the long-chain limit K → ∞, spectrumñ 1 (k, t) takes form [11] 
where ϕ 
The principal harmonic at k = π/d corresponds to spatial period 2d.
eral instant t the spectrum is a sum of harmonics with wave vectors k = jπT d /(td) with j ∈ N, while onedimensional density distribution n 1 (z, t) has spatial period 2π
The period is linearly growing with time. Interestingly, n 1 (z, t) is periodic despite the phase randomness. The value of the spatial period makes qualitative difference with the Talbot effect, where longer than d principal periods are absent. For the intermediate case of partially correlated phases, an analytic solution is unknown so far. The evolution of wave function (1) may be found numerically. The spatial-spectrum absolute value |ñ 1 (k)| computed for t = T d is shown in figure 3 . This spec-
Numerically calculated absolute value of spectrum |ñ1(k, t = T d )| for partial correlation. The correlation degree cos(ϕj+1 − ϕj) = 0.57 is chosen in such a way that for the peaks at k = 2π/d the ratio of the narrow-peak height to the wide-peak height is the same as in the experimental data of figure 5c.
trum combines features of both the Talbot effect and uncorrelated-source interference. The narrow peak at k = 2π/d corresponds to partially preserved Talbot effect, while the wide peaks centered near k = π/d and k = 2π/d are due to the partial phase disorder. The calculation is done for K = 51 BECs, ratio σ/d = 0.1, correlation degree cos(ϕ j+1 − ϕ j ) = 0.57. The spectrum absolute value |ñ 1 (k, t = T d )| is averaged over 100 repetitions.
EXPERIMENTAL MANIFESTATION OF THE PHASE FLUCTUATIONS
The Bose-Einstein condensation is a subject of active studies [12, 13, 14, 15, 16, 17, 18] , which in many respects is due to the development of laser cooling and trapping [19, 20, 21] .
An influence of BEC-phase fluctuation on the Talbot effect has been observed in experiment [22] . The initial conditions are close to figure 1a. BECs of 87 Rb atoms are contained in the optical-potential minima, which are d = 547 nm apart. At t = 0 the confinement along z is quickly extinguished, while the confinement in the xy plane is left on. The BECs expand and interfere until the lattice potential is quickly reinstated at time t. For perfectly coherent BECs with ϕ j = ϕ j+1 the lattice reinstatement at t = nT d would have brought about the exact recovery of the initial state. While in the case of either t = nT d or ϕ j = ϕ j+1 the excited Bloch bands are partially populated, which means that the lattice reinstatement causes energy input. For detecting the energy input, the system is thermalized, then the trapping is fully turned off, and the gas expands into the free space. The introduced energy is manifested via faster expansion. The experimental dependence of the expanded cloud size on the interference time t is shown in figure . Each lattice site is occupied by a large number of atoms ( 800 in the trap centre.) Details of the experimental setup can be found in the Methods. We then blank the lattice for time intervals between 0 and 1 ms. Subsequently, we keep the atoms in the same lattice for another 100 ms to allow for thermalization. We choose the total width of the density distribution of the time of flight absorption image (see Fig. 2c ) as the interferometer signal. The result is shown in Fig. 3a and reveals pronounced oscillations of the fitted cloud width. We observe up to seven revivals of the matter wave field. Fitting an exponentially damped sine function, we find a Talbot time of 123 s, which is close to the theoretical value of 130 s. The small deviation by 5% might stem from a small misalignment in the experiment, see also Methods. The contrast of the interferometer has a decay constant of 525 40 s. We attribute this decay to the presence of interactions in the system. For the chemical potential of Relaxation after quench
Cloud width (a.u.)
Cloud width (a.u.) 4. The size of the expanded cloud vs the interference time t. A smaller value of parameter tQ corresponds to a preparation history that enhances fluctuations. From [22] . ferent histories of chain preparation. The graphs are ordered from top to bottom according to decreasing BEC phase difference. In each of the three graphs, one may see local energy minima at t = nT d corresponding to partial recovery of the initial wave function. At t = T d the experiment with smallest fluctuations (lower graph in figure 4 ) corresponds to the smallest energy input in response to the lattice reinstatement.
Qualitative manifestation of phase fluctuations, which consists in the spatial spectrum alteration, is found in [11] . The initial conditions correspond to figure 1a. A chain of molecular 6 Li 2 BECs is prepared in optical lattice with spacing d = 5.3 µm between the minima. There are N ∼ 1000 bosons in each condensate. At t = 0, the trapping field is turned off, and BECs start to expand and interfere in the free space. The interference stops at time t when the system is destructively imaged. In figure 5a , the BEC chain is shown at t = 0, when the lattice is switched off. In spectrum |ñ 1 (k, t = 0)| there is a harmonic with The initial distribution of the density along z recovers nearly exactly. The peak k = 2π/d clearly dominates in the spectrum. In the spectrum of figure 5c, both partial correlation and disorder are manifested. The Talbot-effect-related narrow peak at k = 2π/d is a sign of partial correlation. The broad peaks near k = π/d and k = 2π/d are signatures of a partial phase disorder.
The spectrum in figure 5c is close to calculated |ñ 1 (k, T d )| of figure 3. In experiment and calculation, for the peaks near k = 2π/d the ratio of the narrow-peak height to the wide-peak height is the same. This ratio is a function of the correlation degree cos(ϕ j+1 − ϕ j ) . Therefore, comparison of the experimental and calculational spectra yields cos(ϕ j+1 − ϕ j ) in experiment.
The experimental spectrum in figure 5c and the calculated spectrum in figure 3 are different in two ways. Firstly, spectrum in 5c is noisier. This is because a single-measurement outcome is shown, while the calculated |ñ 1 (k, t = T d )| is averaged over 100 repetitions. Secondly, in the experiment the wide peaks are somewhat shifted to the left, which is due to the mean field of boson-boson interactions [11] . The mean field is unaccounted for in the calculation.
INTERFERENCE-BASED THERMOMETRY FOR A CHAIN OF CONDENSATES
The most popular method of BEC thermometry rests upon fitting condensate density profile either after release from the trap and subsequent expansion or directly in the trap. The bimodal fit yields N 0 /N , the ratio of the condensed-particle number to the total number. The temperature may in turn be found from equation
where D = 2 or 3 is the kinematic dimensionality and T c (N, D) is the Bose condensation temperature. For low T /T c the thermal fraction is small, and the temperature, therefore, cannot be found. For example, in [23] the lower bound for the applicability of this method is at T = T c /2. For two coupled condensates, a low-temperature thermometry based on their interference after the release from the trap has been demonstrated [23, 24] . The temperature is found from the fluctuation of the interference-fringe location in different experimental repetitions. The method requires multiple preparation of the identical pair of BECs and interference observation. For a chain of BECs in an optical lattice the temperature may be measured in a single interference experiment. The temperature can be found from a spatial spectrum, similar to that in figure 5c. From the relation between the peaks corresponding to the Talbot effect and incoherent interference, fluctuation of adjacent condensate phases (ϕ j+1 −ϕ j ) 2 may be obtained. In turn, model [25] yields the connection between (ϕ j+1 − ϕ j ) 2 and temperature T .
Model [25] is further applied to a chain of BECs in optical lattice with potential
where x ≡ (x, y, z), κ is the optical wave vector, E rec = 2 κ 2 /2M is the photon recoil energy, s is the dimensionless lattice depth, and λ ≫ 1 is the flat-cell anisotropy ratio. The period of the potential is d = π/κ. Near the minima, potential V s (x) is harmonic with frequencies ω z ≡ 2 √ sE rec / and ω ⊥ = ω z /λ. The description of BECs in each cell by one-particle wave functions allows to switch to Josephson Hamiltonian [25] 
Here /E J is the tunneling time scale, while E c = 2dµ/dN and µ are respectively the internal-energy scale and chemical potential of a single BEC. One may calculate the parameters of a kinematically two-dimensional BEC in lattice (6) . The chemical potential is
where l z ≡ /(M ω z ) and a b is the s-wave scattering length of the bosons. For the two-dimensional condensate, the wave function is assumed to separate into the radial and axial parts, Ψ j (x) = ψ j (z)Ψ(ρ), with the radial part being the same for all BECs. This allows to write E J in form [26] 
Under condition µ ≪ ω z , wave functions ψ j (z) may be approximated by the addends of sum (1)
(10) It is worth of noting that the use of Gaussian functions of width σ narrows down the BEC wave function and, therefore, gives lower bound of E J , which approaches the true value with increasing depth s.
Consider the case of small quantum phase fluctuations. The quantum part of the fluctuations is computed from Hamiltonian (7) at T = 0. This gives the condition of the quantum-fluctuation smallness
Also assume that the thermal fluctuations dominate. In this case [25] cos(ϕ j − ϕ l ) = α |j−l| (12) with α being function of temperature [25, 24] α(T ) = I 1 (E J /T )
where I ν is the modified Bessel function. Expression (12) simplifies for T ≪ E J :
The connection between the temperature and the BECphase fluctuations is established by expression (12) and its particular case (14) . Therefore, formulas (12) and (14) together with the spectrum analysis may serve as a basis for thermometry.
CONCLUSION
Partial phase disagreement between the sources alters the Talbot effect. Quantitatively this is manifested by a decrease of the interference contrast. Qualitatively the change is represented by new peaks in the spatial spectrum of the interference fringes. This change of the spectrum may be used for thermometry.
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